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Abstract
We present a stable discretization of sea-ice dynamics on triangular
grids that can straightforwardly be coupled to an ocean model on a tri-
angular grid with Arakawa C-type staggering. The approach is based on
a nonconforming finite element framework, namely the Crouzeix-Raviart
finite element. As the discretization of the viscous-plastic and elastic-
viscous-plastic stress tensor with the Crouzeix-Raviart finite element pro-
duces oscillations in the velocity field, we introduce an edge-based stabi-
lization. Based on an energy estimate for the viscous-plastic sea-ice model
we define an energy for the elastic-viscous-plastic and viscous-plastic sea-
ice model. In a numerical analysis we show that the stabilization is fun-
damental to achieve stable approximations of the sea-ice velocity field and
a bounded energy of the sea-ice system.
1 Introduction
Sea-ice, located at high-latitudes and at the boundary between ocean and at-
mosphere, plays an important role in the climate system. Modelling the com-
plex mechanical and thermodynamical behaviour of sea-ice at a broad range of
spatio-temporal scales poses a manifold of challenges. Freezing sea water forms a
composite of pure ice, liquid brine, air pockets and solid salt. The details of this
formation depend on the laminar or turbulent environmental conditions. This
composite responds differently to heating, pressure or mechanical forces than
for example the (salt-free) glacial ice of the ice sheets. Climate models need
to describe the dynamics of sea-ice on large scales and couple the large-scale
sea-ice models to ocean general circulation models. This is also the perspective
we pursue in this work.
This paper treats the problem of formulating the discrete sea-ice dynamics in
a way such that the internal sea-ice dynamics are captured well while at the same
time the external coupling to the ocean is accomplished in a natural way. The
modelling problem we aim to solve consists in choosing approximation spaces
that capture (compressible) sea-ice dynamics as well as the (incompressible)
ocean dynamics and that allow a minimal-invasive coupling between the two
models that avoids interpolations or projections. In global ocean modelling we
observe a trend towards a Arakawa C-type staggering of variables, where scalar
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variables are described as piecewise constant functions that are located at the
center of the grid cell and velocity fields are represented by normal components
of the velocity vector along the cell boundary (see e.g. [6], [25], [29], [18]).
This trend reflects the increase in computational power towards high-resolution
simulation where the efficient C-type staggering has advantageous discrete wave
propagation properties once the Rossby radius is resolved over large part of the
global domain. For sea-ice dynamics the small stencil of C-type staggering has
the advantage that transport in narrow straits, which are only one cell wide
is possible as well as an accurate representation of internal waves [2]. The
modelling challenge stems from the fact that sea-ice dynamics requires the full
strain rate tensor 12 (∇v + ∇vT ) which is difficult to discretize if only partial
information about the velocity field is available.
We consider this problem on triangular grids in the context of the ocean
general circulation model ICON-O [18]. ICON-O uses a refined triangular mesh
of an icosahedron that is approximating the surface of the sphere as described
in [18]. On triangular grids the C-type-staggering is equivalent to the lowest
order Raviart-Thomas finite element (RT-0). The space of the Raviart-Thomas
finite element is not rich enough to approximate the full strain rate tensor [1].
We propose to enlarge the approximation space by including the tangential
velocity at the mid point of an edge. This variable arrangement allows the
desired natural coupling to the underlying ocean variables on the same grid.
This enrichment of the Raviart-Thomas element results in the specification of
the complete velocity vector at edge midpoints and equals to the first order
nonconforming Crouzeix-Raviart finite element (CR). The Crouzeix-Raviart el-
ement is a classical finite element that has been applied for approximations of
the Possion problem and the Navier-Stokes equations. Lietear et al. [23] used
the CR element to discretize the Canadian Arctic Archipelago in an uncoupled
sea-ice model.
A direct application of the Crouzeix-Raviart element to the sea-ice equations
leads to an unstable discretization that has its origin in the discretization of the
symmetric strain rate tensor in the rheology. The reason of this instability is
the non trivial kernel of the strain rate tensor discretized with the Crouzeix-
Raviart element. Thus, the element does not satisfy the first Korn inequality
‖∇v‖2 ≤ c‖ 12 (∇v + ∇vT )‖2 [8]. This inequality bounds the Jacobian matrix
of partial derivatives by the symmetric part of the Jacobian matrix in terms of
the L2-norm. The symmetric part of the Jacobian matrix is part of the stress
tensor of the viscous-plastic sea-ice rheology.
In order to circumvent this instability we introduce in this paper a stabiliza-
tion of the Crouzeix-Raviart element and demonstrate through numerical exper-
iments that the stabilized Crouzeix-Raviart element is capable to discretize the
viscous-plastic and elastic-viscous-plastic sea-ice model. Adding the suggested
stabilization the Crouzeix-Raviart element fulfills a generalized version of Korn’s
inequality [28]. Given the parallels between the stress tensor in the viscous-
plastic rheology and models of linear elasticity [13], the stabilization is inspired
from the stabilization of the Crouzeix-Raviart element for a linear elastic prob-
lem, introduced by Hansbo and Larson [9]. We furthermore show numerically
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that a stabilization of the sea-ice velocity is necessary in the viscous-plastic and
elastic-viscous-plastic model. The numerical experiments are carried out in the
framework of the ocean general circulation model ICON-O [18] that operate
on a triangular C-grid. To analyze the effect of the stabilization, we derive an
energy estimate for the viscous-plastic sea-ice model, where Korn’s inequality
is essential to limit the viscous-plastic stress tensor. Based on this estimate
we introduce an energy for the viscous-plastic and elastic-viscous-plastic rheol-
ogy and investigate the limitation of the energy using the new discretization in
ICON-O.
The paper is structured as follows. In Section 2 we introduce the sea-ice
model in a strong an variational form and derive the energy estimate for the
viscous-plastic sea-ice momentum equation. In Section 3 we introduce the real-
ization of Crouzeix-Raviart element in ICON-O and describe the stabilization
for the viscous-plastic and elastic-viscous-plastic model. In Section 4 we numeri-
cally analyze and validate the stabilized Crouzeix-Raviart element. We conclude
in Section 5.
2 Model description
The motion of sea-ice is prescribed in a two-dimensional framework [22]. The
momentum of sea-ice is modeled as
ρh∂tv = div(σ) + F, (1)
where ρ is the sea-ice density and h the mean ice thickness. All external forces
are collected in F .
F = τ − ρhg∇Hd − ρhfcer × v,
where fc is the Coriolis parameter, g is the gravity, er unit normal vector to
the surface and Hd is the ocean surface height. In order to express the surface
height with the Coriolis term, we follow Coon [4] and use
ρhg∇Hd ≈ −ρhfer × vw,
where vw is the ocean current. The stresses due wind and ocean are expressed
as
τ = ρaCa‖va‖va + ρwCw‖v− vw‖(vw − v),
where ρa, ρw are the air and water densities, Ca, Cw are the wind and water
drag coefficients and va is the geostrophic wind.
The viscous-plastic sea-ice rheology (VP) The internal stresses σ are
related to the strain rate ˙ = 12 (∇v +∇vT ) by the viscous-plastic rheology
σ = 2η˙ + (ζ − η) tr(˙)I − P2 I, (2)
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with the viscosities η, ζ, and the ice strength P . Following Hibler the ice strength
is modeled as
P = P ∗h exp(−C(1−A)),
with P ∗ the ice strength parameter, A the ice concentration and C the ice
concentration parameter [10]. In the viscous-plastic sea-ice model introduced by
Hibler [10], the viscosities are derived from a elliptic yield curve with eccentricity
e=2 and a normal flow rule. They are modeled as
ζ = P2∆ , η = ζe
−2, ∆ =
√(
2e−2˙′ : ˙′ + tr(˙)2
)
, (3)
where we apply the decomposition of the strain rate tensor ˙ = ˙′+ 12 tr(˙)I into
the deviatoric part ˙′ and into its trace tr(˙)I. As described by Hibler [10] the
plastic viscosity are limited by a viscous regime given as
ζmin ≤ ζ ≤ ζmax, ζmin = 4 · 108kg/s, ζmax = P2∆min , ∆min = 2 · 10
−91/s.
The limitation avoids that ζ, η → ∞ for ∆ → 0. To regularize the transition
from the viscous to the plastic regime we follow Harder [19] and use
∆ =
√
∆2min + 2e−2˙′ : ˙′ + tr(˙)2.
For the numerical analysis done in the paper we do not use a replacement
pressure [19] and minimal values for the viscosities.
The elastic-viscous-plastic sea-ice rheology (EVP) The elastic-viscous-
plastic model was introduced to regularize the VP rheology, such that the VP
model results from the EVP model in the steady state ∂tσ = 0. We reformulate
the viscous-plastic model to
1
2ησ +
η − ζ
4ηζ tr(σ)I +
P
4ζ I =
ζ
T
˙
and add an artificial elastic strain behaviour with a parameter E
1
E
∂tσ +
1
2ησ +
η − ζ
4ηζ trσI +
P
4ζ I = ˙.
Hunke [11] introduced T = ζE such that the elastic-viscous-plastic model results
as
∂tσ +
e2
2T σ +
1− e2
4T trσI +
P
4T I =
ζ
T
. (4)
The EVP model allows a fully explicit discretization in time with relatively
large time steps such that it gains in numerical efficiency compared to the VP
model [11]. In Section 3 we introduce a modified EVP approach (mEVP), a
pseudo-time solver for the VP sea-ice model based on the EVP formulation.
All constants used in the momentum equation are defined in Table 1.
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Parameter Definition Value
ρ sea-ice density 900 kg/m3
ρa air density 1.3 kg/m3
ρw water density 1026 kg/m3
Ca air drag coefficient 1.2 ·10−3
Cw water drag coefficient 5.5 ·10−3
fc Coriolis parameter 1.46 ·10−4 s−1
P ? ice strength parameter 27.5 ·103 N/m2
C ice concentration parameter 20
e ellipse ratio 2
Table 1: Physical parameters of the momentum equation.
Transport equations The mean ice thickness and ice concentration are ad-
vected in time by
∂th+ div(vh) = Qh, ∂tA+ div(vh) = QA, (5)
where A is limited from above by 1.0. Here we skip thermodynamic source
terms on the right hand side of the transport equations as our analysis focuses
on the sea-ice dynamics and set Qh = 0 and QA = 0.
Weak formulation Wemultiply the momentum equation with a test function
φ ∈ H10 (Ω)2 and integrate over space and time. The transport equations are
multiplied with test functions φ ∈ L2(Ω)∫
I
(ρh∂tv,φ)− (F,φ) + (σ,∇φ)dt = 0 (6)
(∂th+ div(vh), φ) = 0, (7)
(∂tA+ div(vh), φ) = 0, (8)
where (·, ·) denotes the L2- inner product on a two-dimensional domain Ω ⊆ R2.
The L2-norm is denoted by ‖ · ‖.
2.1 Energy estimate
In this section we derive an energy estimate for the viscous-plastic momentum
equation. Based on the derivation we define an energy for the VP and EVP
model.
Theorem 1 (Energy estimate viscous-plastic sea-ice momentum equation)
Let h > hmin > 0 and fixed, then the solution of the sea-ice momentum
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equation (1) v ∈ H10 (Ω) fulfills the following energy estimate
‖ρhminv(T )‖2 +
∫ T
0
2ρwCw1‖v‖2
+ ck
ζmin
2 ‖∇v‖
2dt ≤
∫ T
0
2cp
ckζmin
‖R‖2 + 23ζmin ‖
P
2 ‖
2dt+ ‖ρhminv(0)‖2,
where ck and cp are positive constants that depend on the domain and where R :=
ρaCa‖va‖va + ρwCw1vw − ρhfer × vw.
Proof. We consider the momentum equation given in (1), multiply it with v
and integrated it over a domain Ω.
(ρh∂tv,v)− (Fv + div(σ),v) = 0.
Then, we apply the chain rule to the time dependent integral and get
(ρh∂tv,v) =
1
2
∫
Ω
ρh∂t|v|2 dxdy ≥ 12
∫
Ω
ρhmin∂t|v|2 dxdy = 12∂t‖ρhminv‖
2.
(9)
We proceed with analyzing the external forces
(F,v) = (τ + ρhfer × vw − ρhfcer × v,v). (10)
The integral over the Coriolis force (fcer × v,v) vanishes as the product (~a ×
~b) ·~c = −(~a×~c) ·~b is anti-commutative. The wind and ocean drag simplifies to(
τ,v
)
= (ρaCa‖va‖va + ρwCw‖v− vw‖(vw − v),v)
= (ρaCa‖va‖va + ρwCw1(vw − v),v)
= (ρaCa‖va‖va + ρwCw1vw,v)− ρwCw1‖v‖2,
where we assume a linearized wind drag. Following Leppäranta [22] we use fixed
scaling speeds, indicated with the subscript 0, and estimate the wind drag as
Cw1 = Cw|(vw − v)|0. (11)
We collect all v independent terms of equation (10)
R = (ρaCa‖va‖va + ρwCw1vw,v) + ρhfer × vw,
and move ρwCw1‖v‖2 to the left hand side of the equation. Next we reformulate
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the stress tensor given in equation (2).
(− div(σ),v) =(σ,∇v) = 12
(
σ + σT ,∇v) = 12(σ,∇v +∇vT ) = (σ, ˙)
=
(
2η˙ + (ζ − η) tr(˙)I − P2 I, ˙
)
=
(1
2ζ˙ +
3
4ζ tr(˙)I −
P
2 I, ˙
)
=
(1
2ζ˙, ˙
)
+ (34ζ tr(˙), tr(˙))−
(P
2 , tr(˙)
)
≥‖
√
2−1
√
ζ˙‖2 + ‖
√
3
2
√
ζ tr(˙)‖2
− ‖ 1√
2p
P
2 ‖
2 − ‖
√
p√
2
tr(˙)‖2,
where we applied Youngs inequality in the last term with p = 3ζ4 . We move
the P dependent term to the right hand side and apply Korn’s first inequality
for homogeneous Dirichlet boundary values [3],
‖˙‖2 ≥ ck‖∇v‖2,
where ck is the positive constant of Korn’s inequality. We get
‖
√
2−1
√
ζ˙‖2 + 12‖
√
3
2
√
ζ tr(˙)‖2 ≥ ‖
√
2−1
√
ζ˙‖2 ≥ ζmin2 ‖˙‖ ≥ ck
ζmin
2 ‖∇v‖
2.
Combining the estimate for the water drag and the stress tensor gives(
ρwCw1v− div(σ),v
)
≥ ρwCw1‖v‖2 + ck ζmin2 ‖∇v‖
2 − ‖ 1√
2p
P
2 ‖
2. (12)
Finally, we reformulate the right hand side R. We apply Young’s and Poincare’s
inequality with homogeneous Dirichlet boundaries [7],
‖u‖ ≤ cp‖∇u‖,
where cp is a positive constant of Poincare’s inequality. Thus, we get
(R,v) ≤ 12‖R‖
2 + 2cp‖∇v‖
2, (13)
where we choose
 = ckc−1p
ζmin
2 ,
to move 2cp‖∇v‖2 to the left hand side of the equation. Taken into account
the estimates for the temporal integral (9), the spatial operator (12) as well as
the right hand side (13) we get
∂t‖ρhminv‖2 + 2ρwCw1‖v‖2 + ck ζmin2 ‖∇v‖
2 ≤ 1

‖R‖2 + ‖ 1√
2p
P
2 ‖
2.
7
We integrate over a time interval I = [0, T ] and get the final estimate
‖ρhminv(T )‖2 − ‖ρhminv(0)‖2 +
∫ T
0
2ρwCw1‖v‖2 + ck ζmin2 ‖∇v‖
2dt
≤
∫ T
0
1

‖R‖2 + ‖ 1√
2p
P
2 ‖
2dt.
q.e.d
The viscosities can change in space locally over several orders of magnitudes
[27]. Thus limiting the viscosities globally with a ζmin in order to apply Korn’s
inequality is a very rough estimate. Motivated by the energy estimate derived
in Theorem 1, we define an energy which is more sensitive to the plastic model
behavior. As the contribution from the ocean stress is comparable small to the
gradient weighted with the viscosity we define the energy as
E(v) = ‖ζ2∇v‖
2. (14)
The limitation of the energy is numerically analyzed in Section 4.
3 Discretization
In this section we describe the spatial and temporal discretization of the VP
and EVP model. We introduce an edge-based stabilization for both models
discretized with the Crouzeix-Raviart finite element.
Time discretization To solve the coupled sea-ice system (6) it is standard
to use a splitting approach in time. As described by Lemieux et al. [20] we first
compute the solution of the sea-ice momentum equation (1), followed by the
solution of the transport equations (5). Ip et al. [14] pointed out that a fully
explicit time stepping scheme for the momentum equation with a VP rheology
would require a small time step of less than a second - even on a grid resolution
as coarse as 100 km by 100 km. Therefore the authors recommended an implicit
treatment. An implicit discretization asks for implicit solution methods such
as a Picard solver [30] or Newton like methods [21], [27]. So far the applied
solvers are difficult to parallelize as efficient linear solver are missing [24]. To
avoid an implicit discretization Hunke and Dukowicz [12, 11] introduced the
EVP model, where they add an artificial elastic term to the VP rheology, to
allow an explicit discretization of the momentum equation with relatively large
time steps. However, the EVP model produces large differences compared to
approximations of the VP model. Thus, Kimmritz et al. [15] and Boullion et
al. [2] developed, based on the EVP model formulation, explicit pseudo-time
stepping methods that converge against the solution of the VP model. As
spatial discretizaition errors dominate the temporal discretization errors, first
order time stepping methods are sufficient to discretize the sea-ice momentum
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equation [26]. In [20] Lemieux and coauthors describe a second-order time
stepping scheme to solve the VP model.
For the temporal discretization of the momentum equation (1) we apply a
first order semi-implicit time stepping scheme. We introduce the time parti-
tioning 0 = t0 < ... < tN = T and the time step size k := tn − tn−1. Let
vn := v(tn), hn := h(tn), An := A(tn).
VP model The discretized viscous-plastic momentum equation reads as(
ρhn−1
vn − vn−1
k
,φ
)
=
(
ρhn−1fce× (vn−1w − vn−1),φ
)
− (σn,∇φ) + τnV P
with
τnV P :=
(
ρaCa‖vn−1atm ‖vn−1atm ,φ
)
+
(
ρwCw‖vn−1w − vn−1‖(vn−1w − vn),φ
)
.
(15)
EVP model To solve the elastic-viscous-plastic model we sub-cycle the mo-
mentum equation. Let tn−1 ≤ ts−1 < ts ≤ tn and ks := ts − ts−1. Then the
subscycled momentum equation reads as(
ρhn−1
vs − vs−1
ks
,φ
)
=
(
ρhn−1fe× (vn−1w − vs−1),φ
)
+
(
σs,∇φ
)
+ τsEV P ,
with
τnEV P :=
(
ρaCa‖vn−1atm ‖vn−1atm ,φ
)
+ ρwCw‖vn−1w − vs−1‖(vn−1w − vs),φ
)
.
(16)
The elastic-viscous-plastic stress is calculated via
σs1 − σs−11
ks
+ σ
s
1
2T =
ζs−1(˙s−111 + ˙s−122 )
T
− P2T ,
σs2 − σs−12
ks
+ 4σ
s
2
2T =
ζs−1(˙s−111 − ˙s−122 )
T
,
σs12 − σs−112
ks
+ 4σ
s
12
2T =
ζs−1˙s−112
T
,
with σ1 = σ11 + σ22, σ2 = σ11 − σ22, ˙1 = ˙11 + ˙22, ˙2 = ˙11 − ˙22 and
ζs−1 := ζ(vs−1), ˙s−1 := ˙(vs−1). For all computations done in this paper we
use the tuning parameter T = 100. The number of sub-cycles s = 1, ..., Nevp is
usually a large number around 100 or more [12] and ks = kNevp , where k is the
larger time step of the advection.
mEVP solver We approximate the viscous-plastic stress tensor with an elastic-
viscous-plastic formulation. The elastic-viscous-plastic model is subs-cycled in
9
Figure 1: Left: C-grid staggering in the ICON earth system model, where the
normal of horizontal velocities v·n are placed at edge mid points and the scalars
are saved at cell centers. Right: The Crouzeix-Raviart finite element, where the
horizontal velocity is represented by its normal and tangential component.
time, such that the formulation converges in time against the viscous-plastic
formulation. Each sub-iteration s of the momentum equation reads as(
β
ρhn−1
ks
(vs − vs−1),φ
)
=
(
ρhn−1
−vs + vn
ks
,φ
)
−
(
σs,∇φ
)
−
(
ρhn−1fc~e× (vs−1 − vn−1w ),φ
)
+ τsmEV P
with
τsmEV P :=
(
ρaCa‖vn−1atm ‖vn−1atm ,φ
)
+
(
ρwCw‖vn−1w − vs−1‖(vn−1w − vs),φ
)
,
(17)
where we time step the stress tensor σs as
α(σs1 − σs−11 ) = σs−11 + 2ζs−1(˙s−11 − P ),
α(σs2 − σs−12 ) = σs−1
ζs−1
2 ˙
s−1
2 ,
α(σs12 − σs−112 ) = σs−1
ζs−1
2 ˙
s−1
12 .
A more detailed description of the mEVP solver can be found in the work of
Boullion et al. [2]. Here α and β are large constants. As analyzed by Boullion
et al. [2] and Kimmritz et al. [15], the product αβ should be sufficient large to
fulfill the CFL-criterion. If not further specified we follow Koldunov et al. [17]
and use α = β = 500 in this paper.
Spatial discretization In the following we describe the realization of the
Crouzeix-Raviart finite element in ICON-O. Figure 1 shows the Raviart-Thomas
10
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2
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1
0
0
Figure 2: Left: Basis function φi of the Crouzeix-Raviart finite element with
φi(xi) = 1, x ∈ ei and φi(Ej) = 0, for j 6= i. Right: Support of a basis function
at edge ei.
element that corresponds to the C-type staggering in ICON-O and the Crouzeix-
Raviart finite element (CR). Both elements are coupled to a P 0 element for the
scalar variables.
By Ωh we introduce the triangulation of a domain Ω into triangles Ti that ful-
fill the usual assumption of structure and shape regularity. Let Vh = span {φi, i =
1, ..., N} ⊂ L2(Ω) be the space of the Crouzeix-Raviart element. The edge mid
points are denoted by Ei ∈ Ωh and the edge itself by ei. In each node Ei a
finite element basic function is given as
φi(Ej) = δij , ∀i, j = 1, .., N, ∂nφi(Ei) = 2
hi
, ∂tφi(Ei) = 0,
where N represents the number of edges in Ωh and hi is the height orthogonal
to edge ei of a triangle. To simplify the notation we define φi = φi(Ei). The
outward normal vector and the tangential vector to edge ei at node Ei is denoted
by ni and τ i. The transposed is indicated by T . In Figure 2 we motivate that
∂tφi = 0 as the solid line through 1 is constant. Further, the differential quotient
a long the dashed blue lines in Figure 2 gives ∂nφi = 12−1hi =
2
hi
. Using the
discrete space Vh we can express the velocity vector vh as
vh =
N∑
i=1
(vini + uiτ i)φi. (18)
The gradient of vh is given as
∇vh =
N∑
i=1
(vini + uiτ i)∇Tφi =
N∑
i=1
(vini + uiτ i)nTi ∂nφi,
11
and the transposed gradient ∇vTh reads
∇vTh =
N∑
i=1
(vinTi + uiτ Ti )∇φi =
N∑
i=1
(vinTi + uiτ Ti )ni∂nφi.
We also decompose the basis functions φ and ∇φ into the normal and tangential
component
φ =
N∑
j=1
njφnj + τ jφτj , ∇φ =
N∑
j=1
njnTj ∂nφnj + τ jnTj ∂nφτj .
Using these decomposition of the domain Ωh in triangles, we can formulate the
discrete momentum equation (6) over a time interval I = [0, T ] as
∫
I
{∑
T
3∑
i,j=1
(
ρh∂t(vini + uiτ i)φi − F (vini + uiτ i)φi,njφnj + τ jφτj
)
T
+
(
σi,h,
N∑
j=1
njnTj ∂nφnj + τ jnTj ∂nφτj
)
T
}
dt = 0,
(19)
where the subscript T denotes the L2-integral over a triangle T . All integrals
except of the one with stress tensor (σi,h,
∑N
j=1 njnTj ∂nφnj + τ jnTj ∂nφτ
)
T
are
zero order expressions and require an approximation of the mass matrix M ,
which is defined as
M =
(
Mnn Mnτ
Mτn Mττ
)
, Mi,j =
(
(niφni ,njφnj ) (τ iφτi ,njφnj )
(niφnj , τ jφτj ) (τ iφτi , τ jφτj )
)
.
We approximate these integral by applying the trapezoid rule and derive the
lumped mass matrix
ML = diag
(
(niφni ,niφni )tr (τ iφτi ,niφni )tr
(niφni , τ iφτi )tr (τ iφτi , τ iφτi )tr,
)
,
where the subscript tr indicates the evaluation with the trapezoid rule. As the
scalar product of < ni, τ i >= 0, the lumped mass matrix simplifies to
ML = diag
(
(niφni ,niφni )tr 0
0 (τ iφτi , τ iφτi )tr
)
.
The support of (φi, φi)tr consists only of the two triangles T i1, T i2 that share the
edge ei as shown in Figure 2. In the framework of equation (19) the evaluation
of the integral with the trapezoid rule on a triangle T yields
(φi, φi)tr|T =
|T |
3 ,
12
where Ei(T ) refers to the edge midpoints of triangle T . Next we consider the
integral over the discretized stress tensor σh =
(
σ11,h σ12,h
σ12,h σ22,h
)
, which can be
written as
(σh,∇φ)T =
∑
Ei(T ),Ej(T )
(σi,hnjnTj ∂nφnj + τ jnTj ∂nφτj )T
=
∑
Ei(T ),Ej(T )
(σi,hnjnTj
2
|hj | + τ jn
T
j
2
|hj | )T .
We evaluate the integral with the midpoint rule and get
(σi,hnjnTj ∂nφnj )T =
∑
Ei(T ),Ej(T )
|T | 2|hj | (σ
11
i,hn1jn1j + 2σ12i,hn1jn2j + σ22i,hn2jn2j ),
where we calculate the entries σi,h based on the strain rate tensor
1
2(∇vh +∇v
T
h )T =
∑
Ei(T )
(vini + uiτ i)nTi
2
|hi| + (vin
T
i + uiτ Ti )ni
2
|hi| .
The transport equations are discretized with an upwind scheme.
Stabilization As detailed by Falk [8] discretizing the strain rate tensor with
the Crouzeix-Raviart element, ∇vh + ∇vTh , has a non trivial kernel. Thus,
the element violates the discrete version of Korn inequality [8, 16]. However
by adding weighted velocity jumps to the triangle edges, the element fulfills a
generalized discrete version of Korn’s inequality [28],
‖∇vh‖2 ≤ c
(
‖∇vh +∇vTh ‖2 +
∑
ei
∫
ei
1
|ei| [vei][vei] dxdy,
)
. (20)
Here [vei ] = v+ei − v−ei is the jump of the function vh ∈ Vh at an edge ei with
v± = lim→0 v(x± ni) and x ∈ ei.
To stabilize the Crouzeix-Raviart element in the VP model we follow the
analysis of Hansbo and Larson [9], where they developed a stable Crouzeix-
Raviart discretization for a linear elastic problem. Based on this idea we add
to viscous-plastic momentum equation (15) at each edge ei the term
SeV P,i,j := 2ζe
αV P
|e|
∫
e
[vei ][φej ] dxdy, (21)
with i, j = 1, ..N . Here, the positive constant αV P was found by experimental
tuning and is chosen as αV P = 12 · 10−5. The weakly consistent stabilization is
derived from a discontinuous Garlerkin formulation. More details can be found
in [9].
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Adding the stabilization to spatially discretized momentum equation (19)
yields∫
I
{∑
T
3∑
i,j=1
(
ρh∂t(vini + uiτ i)φi − (F (vini + uiτ i)φi,njφnj + τ jφτj
)
T
+
(
σi,h,
N∑
j=1
njnTj ∂nφnj + τ jnTj ∂nφτj
)
T
+ 12S
∂T
V P,i,j
}
dt = 0,
(22)
where ∂T is the boundary of a triangle T . We add 12 to the stabilization as we
loop over all cells and each interior edge of the domain is called twice.
In numerical test we found that the stabilization SeV P,i,j (21), which we add
to the discretization of the VP model leads unstable numerical solutions if the
model is solved with the mEVP solver. We observe the same behavior for the
EVP model stabilized with SeV P,i,j . In both cases, these instabilities stem form
the spatial variation of ∆, which is part of the viscosity ζ = P∆ ( see equation
(3)).
Inspired by the generalized discrete version of Korn’s inequality (20), we
found that a spatial and temporal constant ∆s produces stable results, if the
mEVP solver or the EVP model is used. In this cases, we replace the stabiliza-
tion SeV P,i,j in the momentum equation (22) with
SEV P e,i,j :=
α
|e|
P
∆s
∫
e
[vei ][φej ] dxdy, (23)
where we choose a fixed ∆s. In this paper we set ∆s = 1 s−1and α = αEVP = 0.1
in case of the EVP model or α = αmEV P = 0.01 when we apply the mEVP
solver.
It is left to outline the calculation of integrals
∫
ei
[vei ][φei ] in (21) and (23).
The support of the integral over an edge ei consists of the two triangles that
share the edge ei (see Figure 2). In order to evaluate∫
ei
[vei ][φei ] (24)
we have to take into account the coupling of the test and ansatz functions along
the five neighboring edges shown in Figure 2. Since
∫
ei(T )[φi(T )] = 0 dx for
T = Ti1, Ti2, the stencil reduces to the test and ansatz functions defined at the
four surrounding edges eij , j = 1, .., 4. We define li := |ei|. For j, k = 1, ..., 4
the integral over an edge ei is given as∫
ei
φijφik =
∫ li
2
−li
2
2x
li
dx =
{
1
3 li, if j = k,
− 13 li, else.
Next, we reformulate expression (24) and get for j, k = 1, ..., 4
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∫
ei
[vei ][φei ] dxdy =
∑
Eij ,Eik
∫
ei
[vijnijφnij + uijτ ijφτij ][nikφnik + τ ikφτik]dx,
where vij and uij are the coeficients of the velocity located at the midpoint Eij
of an edge eij .
To efficiently evaluate
∫
ei
[vei ][φei ] dxdy over each edge ei, we use the follow-
ing two step algorithm, in which we first loop over all triangles and calculate
for each edge of the triangle the contribution of the velocity jump. In a second
step, we again loop over all triangles and evaluate in each edge the contribution
of the weighted integral.
Algorithm 1 (Computation of weighted cross element jumps) Let eik, k =
1, ..., 3 be the counter-clockwise numbered edges of a triangle Ti. By Sxe , Sye and
Ane , Ate we denote edge based vectors, where Se = [Sxe , Sye ] and Ae = [Ane , Ate].
To calculate the stabilization in each edge eik:
1. Velocity jumps [veij ] : we loop over all triangles Ti and calculate for
each edge of the triangle the entry Sxeij =
∑
Eij
[vijnijφnij + uijτ ijφτij ] of
Sxeij , with j = 1, .., 3, such that
Sxei1 = Sei1 + vi2n
1
i2 − vi3n1i3 + ui2τ 1i2 − ui3τ 1i3,
Sxei2 = S
x
ei2 + vi3n
1
i3 − vi1n1i1 + ui3τ 1i3 − ui1τ 1i1,
Sxei3 = S
x
ei3 + vi1n
1
i1 − vi2n1i2 + ui1τ 1i1 − ui2τ 1i2.
The entries of Syeij are calculated analogously where we use the second
component of the normal and tangential vectors n2ij and τ 2ij.
2. Weighted velocity jumps
∫
ei
[vei ][φei ] We loop over all Ti and compute
Aeik =
∑
Eij ,Eik
∫
ei
[vijnijφnij + uijτ ijφτij ][nikφnik + τ ikφτik], with j, k =
1, .., 3
Aei1 = Aei1 +
(
Sei3nei1 − Sei2nei1 + Sei3τ ei1 − Sei2τ ei1
)1
3 lei1 ,
Aei2 = Aei2 +
(
Sei1nei2 − Sei3nei2 + Sei1τ ei2 − Sei3τ ei2
)1
3 lei2 ,
Aei3 = Aei3 +
(
Sei2nei3 − Sei1nei3 + (Sei2τ ei3 − Sei1τ ei3
)1
3 lei3 .
If we sort by normal and tangential vectors we get Ane and Ate respectively.
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σ = ζ2
(
∇v +∇vT
)
σ1 = ζ2∇v σ stabilized
Figure 3: Evaluation of a simplified form of the momentum equation in the
viscous regime with ζ = ζmin.
VP mEVP EVP
stabilized VP stabilized mEVP stabilized EVP
Figure 4: Test case with a stationary solution. We evaluate the approximation
of the EVP and VP model with and without stabilization of the momentum
equation. The VP model is solved either purely explicit or with the mEVP
solver. The EVP model is solved semi-implicit.
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4 Numerical evaluation
In this section we numerically analyze the discretization of the sea-ice momen-
tum equation with the Crouzeix-Raviart element. In Section 4.1 we start with
analyzing the strain rate tensor in the viscous regime. In Section 4.2 we move
to the full viscous-plastic and elastic-viscous-plastic rheology and investigate
the effect of the stabilization on the velocity field and the energy of the sea-ice
system, defined in (14). Finally in Section 4.3, we evaluate the full system de-
scribing the sea-ice dynamics including the advection of the ice thickness and
sea-ice concentration. We analyze a box test, which is a slight modified version
of the test case introduced by Danilov et al. [5].
4.1 Strain rate tensor
We start our analysis with a simplified version of the momentum equation (1).
∂tv− div(σ(v)) = R, (25)
and consider the viscous-plastic stress tensor in the viscous regime.
σ = ζ 12(∇v + v
T ), ζ = P2∆min
, h = 1, A = 1.
We switch off the advection of the sea-ice thickness and the concentration and
use h = 1, A = 1.
The domain is a planar quadrilateral with length of Lx = Ly = 500 [km] in
x and y direction. The domain is tessellated by a mesh of equilateral triangles.
We start the simulation with zero initial velocities. As boundary conditions
we use homogeneous Dirichlet boundary conditions. Given an analytic solution
v1 = v2 = − sin
(
pixx
)
sin
(
piyy
)
, with pix := piLx and piy :=
pi
Ly
, the right hand
side of (25) is
R = ζ2
(
pi2x sin(pixx) sin(piyy) +
pi2y
2 sin(pixx) sin(piyy)
− 12pixpiy cos(pixx) cos(piyy)
)
.
We observe instabilities in the velocity field shown in left plot in Figure 3. This
behavior is consistent with fact that the Crouzeix-Raviart element does not
fulfill the discrete version of Korn’s inequality
ck‖∇vh‖2 ≤ ‖∇vh +∇vTh ‖,
where ck is a positive constant depending on the size of the domain. This insta-
bilities vanish if we consider σ1 = ζ2∇v instead of the symmetric stress tensor
σ = ζ2
(
∇v+∇vT ). The instabilities also vanish by adding a stabilization term
SeV P,i,j (21) to the velocity. Here, we set αV P = 16 · 10−8. We observe that
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mEVP stabilized mEVP
Figure 5: We zoom into the velocity calculated with the mEVP solver with and
without stabilization. We show the lower left corner of the velocity v1 shown in
Figure (4) .
mEVP stabilized mEVP
Figure 6: We show the advected mean ice thickness h with and without applying
a stabilization to the mEVP solver.
the stabilization slightly damps the solution. Without stabilization the velocity
components reach their maximum at v1h = 1.052 and v2h = 1.28. Replacing
σ by σ1 reduces the maximal velocity to v1h = v2h = 1.027. Adding the edge-
stabilization for σ to equation (25) the velocities further decrease the maxima
to v1h = 1.023 and v2h = 1.005. For the runs that include σ1 we adjusted the
right hand side of equation (25) to R = ζ
(
pi2x +pi2y
)
sin
(
pixx
)
sin
(
piyy
)
to con-
verge against the same analytic solution v1 = v2 = − sin
(
pixx
)
sin
(
piyy
)
. All
simulations presented in Figure 3 are computed with an explicit Euler method
using a time step k = 1 · 10−6[s] on a triangular mesh with 3833 edges in ICON.
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4.2 Viscous-plastic and elastic-viscous-plastic rheology
We numerically analyze the effect of the Crouzeix-Raviart discretization on the
approximations of the EVP and VP model. For our investigation we neglect the
wind stress and the Coriolis force and consider
ρh∂tv = div(σ)− ρwCdw‖v− vw‖(v− vw).
We follow Hunke [11] and Danilov et al. [5] and choose the ocean velocity as
v1w =
0.1(2y − Ly)
Ly
, v2w =
−0.1(Lx − 2x)
Lx
.
The viscous-plastic stress tensor and the elastic-viscous-plastic stress tensor is
given in (2) and in (4). We consider the same quadrilateral domain as in Section
4.1 with a triangular grid and use homogeneous Dirichlet boundary conditions.
The initial ice velocities are v(t0) = 0.
In a first test we switch off the advection of the ice thickness and ice con-
centration and use h = 1 and A = xLx . For this configuration the velocities
convergence against a stationary solution, such that we can compare the solu-
tions of the EVP model to those of the VP model. The approximation of the
momentum equation with the viscous-plastic rheology is solved in two ways.
First fully explicit, using the forward Euler time-stepping method and a time
step of k = 0.1 [s], second with the mEVP solver described in Section 3 and a
time step of k = 600 [s] and Nmevp = 2000 sub-iterations. For both cases we
observe instabilities in the velocity field. The same holds for the EVP model.
Here we advect the ice concentration and the mean ice thickness with k = 600
[s], whereas the momentum equation is subscycled with ks = 10[s].
As shown in Figure 4, we observe instabilities in the velocity in regions with
high ice concentration. With the corresponding stabilization these instabilities
vanish and all three approximations produce similar results. In Figure 5 we
zoom into the approximation of the VP model computed with the mEVP solver
and show the lower left corner of the domain. One can see that using the
edge-stabilization the oscillation in the Crouzeix-Raviart element completely
disappears.
In a second test we switch on the advection and observe that the instabilities
of the velocities propergate into the tracers fields. This can be seen in Figure
6 which shows the mean ice thickness after one simulated day. Here, the mean
ice thickness is computed with the mEVP solver with and without stabilization.
With this configuration we also analyse the energy of the sea-ice system
E(v) = ‖
√
ζv‖2
defined in Section 2.1. We evaluate the energy for the EVP model and the VP
model with and without stabilization. In case of the VP model we use either a
fully explicit discretization or the mEVP solver. We plot E(v) in Figure 7 and
observe that the energy deteriorates without stabilization, whereas the energy
is bounded in the stabilized case.
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Figure 7: Energy E(v) evaluated for the EVP and VP model with and without
stabilization. The approximation of the VP model is calculated fully explicit
(VP) or with the mEVP solver.
4.3 Box test
We investigate the full system of sea-ice equations. The test case is a slightly
modified version of the box test described by Danilov et al. [5]. We simulate the
sea-ice dynamics for one month on a squared domain of length Lx = Ly = 1000
[km]. The domain is discretized with a triangular mesh of equilateral triangles
with a side length of approxemetly 15 km and 15190 edges. We use the ocean
current described in Section 4.2. The wind velocity is prescribed by
v1atm = 5 + (sin(2pit/T )− 3)(sin(2pix/Lx) sin(2piy/Ly),
v2atm = 5 + (sin(2pit/T )− 3)(sin(2piy/Ly) sin(2pix/Lx).
We assume homogeneous Dirichlet boundary conditions and initial data given
by v(t0) = 0, h(t0) = 1 and A(t0) = xLx . We use a time step of k = 600 [s]
and Nevp = 500 sub-cycles. In a first configuration, we solve the momentum
equation with the mEVP solver and keep the ice concentration and the ice
thickness constant with A = xLx and h = 1.0.
After one month we observe instabilities in the velocities in regions with
large gradients in ∆ ( see ( 3)) and high ice concentrations. As shown in Figure
8, the oscillations vanish if the stabilization is applied.
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mEVP stabilized mEVP
Figure 8: Sea-ice velocity v1 and ∆ with and without stabilization after one
month of simulation with fixed ice concentration and ice thickness.
With active advection we note also instabilities in the velocity field in re-
gions with high ice concentration. Now the oscillation are not visible in the
ice thickness and ice concentration field. As shown in Figure 9 stabilizing the
momentum equation results into a smooth representation of the velocities. The
approximation of the velocity with the stabilized Crouzeix-Raviart element leads
to a slightly different distribution of the sea-ice thickness in the upper right cor-
ner of the domain. Here, the stabilization is chosen as described in Section
3.
5 Conclusion
In this paper we introduced a new sea-ice discretization on the triangular grid
in ICON. The discretization is based on a stabilized nonconforming Crouzeix-
Raviart finite element, which consists of normal and tangential velocity compo-
nents staggered at the edge midpoints of a triangle. The velocities are coupled
to cell wise constant representations of the tracers. This staggering allows a
straight forward coupling to C-grid ocean and atmosphere discretizations. We
numerically showed that a direct discretization with the Crouzeix-Raviart ele-
ment leads to an unstable approximation of the velocities, as the element does
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mEVP stabilized mEVP
Figure 9: Approximation of the mean sea-ice thickness h and the sea-ice velocity
v with and without stabilization after one week of simulation.
not fulfill a discrete version of Korn’s inequality. To over come this issue we
introduced an edge-based stabilization. We showed numerically that stabilizing
the sea-ice velocity is necessary for both the viscous-plastic and elastic-viscous-
plastic model. To analyze the effect of the stabilization in the VP and EVP
model, we defined an energy of the sea-ice system. The definition is based on
an energy estimate, which we derived for the viscous-plastic sea-ice momentum
equation. Considering a time interval of interest the energy estimate limits the
velocity in space and time by the right hand side of the momentum equation,
the initial and final sea-ice velocity fields. We numerically evaluated the defined
energy for an approximation of the viscous-plastic and elastic-viscous-plastic
model and found that with the stabilization of the Crouzeix-Raviart element
the energy stays bounded as in the continuous estimate. Without stabiliza-
tion the energy of the viscous-plastic and elastic-viscous-plastic model blows
up in time. This underlines the importance of stabilizing the Crouzeix-Raviart
element when discretizing the sea-ice momentum equation.
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